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ABSTRACT

The objective of this research is to extend the geode-
tic mathematical model which was developed for persis-
tent scatterers to a model which can exploit distributed
scatterers (DS). The main focus is on the integer least-
squares framework, and the main challenge is to include
the decorrelation effect in the mathematical model. In or-
der to adapt the integer least-squares mathematical model
for DS we altered the model from a single master to a
multi-master configuration and introduced the decorrela-
tion effect stochastically. This effect is described in our
model by a full covariance matrix. We propose to de-
rive this covariance matrix by numerical integration of
the (joint) probability distribution function (PDF) of in-
terferometric phases. This PDF is a function of coherence
values and can be directly computed from radar data. We
show that the use of this model can improve the perfor-
mance of temporal phase unwrapping of distributed scat-
terers.
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1. INTRODUCTION

During the last decade, different time-series InSAR
methodologies have been developed capable of detecting
and monitoring various ground deformation mechanisms.
A first-generation time-series InSAR technique, called
Persistent Scatterer Interferometry (PSI) [4, 5, 11, 9], fo-
cuses on targets with persistent phase behavior in time.
These targets, named persistent scatterers (PS), are co-
herent in the entire data stack and are minimally affected
by temporal and geometric decorrelation. However, the
availability of persistent scatterers is not guaranteed. For
instance, in rural and agricultural areas, a low density of
PS causes low spatial sampling of deformation measure-
ments. This limitation raises the question: is it possible
to extract useful information from resolution cells with
distributed scattering mechanism? During the last few
years, due to processing more datasets and especially due
to availability of data with shorter satellite revisit times,

it has become evident that there are distributed scatterer
(DS) resolution cells which contain coherent information
not in the whole data stack but only in interferograms
with short temporal baseline. That is, there are some ar-
eas which preserve coherence during some time interval,
and then gradually lose their coherence. Consequently,
the second generation of time-series InSAR methodolo-
gies based on small baselines processing [2, 13, 8] and
recently the SqueeSAR [3] method were developed to
extract information also from distributed scatterers. The
goal of this article is to extend the geodetic mathematical
model, which was developed for persistent scatterers, to a
model which can exploit distributed scatterers. The main
focus is on the integer least-squares (ILS) framework.
This geodetic approach, originally designed for GPS ap-
plications [15, 17, 18], is a PSI algorithm developed for
the estimation of parameters of interest (e.g., height and
deformation) and for the estimation of phase cycle am-
biguities [12, 21, 19]. The main advantages of this ap-
proach can be summarized as follows: 1) it considers the
correlation between interferograms in parameter estima-
tion, 2) it treats the unknown ambiguities as stochastic
instead of deterministic, and 3) it allows the formal er-
ror propagation from observations (i.e., interferometric
phases) to unknown parameters. The ILS mathematical
model consists of a functional and a stochastic model.
The functional model describes the relation between the
observations and the unknown parameters, whereas the
stochastic model formulates the stochastic properties of
the observations. The main challenge is to include the
decorrelation effect in these models. In order to adapt the
mathematical model for DS, we apply following modi-
fications: 1) changing the functional model from single
master to multi-master configuration, 2) introducing the
decorrelation effect in the stochastic model. The follow-
ing section describes the ILS mathematical model in fur-
ther detail.

2. ILS MATHEMATICAL MODEL FOR PERSIS-
TENT SCATTERERS

In the ILS PSI processing chain, parameter estimation is
based on a mathematical model whose general form is de-
scribed by the Gauss-Markov model including functional
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Figure 1. Schematic description of ILS algorithm in three steps.

and stochastic models:

E{y} = Aa+Bb

D{y} = Qy,
(1)

where the first part shows the functional model and the
second part the stochastic model. E{.} is the expecta-
tion operator, D{.} the dispersion, y the vector of phase
observations, a the vector of integer valued ambiguities,
and b represents the unknown real valued parameters.
A and B are design matrices which describe the func-
tional relation between the observation and the integer-
and real-valued unknown parameter vectors respectively.
Qy is the covariance matrix which describes the stochas-
tic properties of the y vector. This mathematical model is
based on the double-difference (DD) phase observations.
That is, a spatial network among pixels has already been
constructed and the estimation of the unknown parame-
ters is performed per arc of the network.

The functional model for a single-master stack, where the
master is indicated by a zero, and there are N slave ac-
quisitions, is formulated as:
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where ψ are the DD phase observations, ∆H the residual
height, D the deformation parameter, λ the radar wave-
length, and B0n

T temporal baseline of the nth interfero-
gram. β0n is the height-to-phase conversion factor for
the nth interferogram.

In the functional model, (.)∗ denotes the pseudo-
observations needed to solve for the rank deficiency of
the system [12]. Rank deficiency is caused by the fact
that for each observed phase, an ambiguity needs to be
estimated together with the parameters of interest. As a
result, the number of unknowns exceeds the number of
observations, and the system is under-determined. With
the introduction of pseudo-observations, the mathemati-
cal model is regularized. Without a priori knowledge of
the topography and deformation in the area, the pseudo-
observations are set to zero.

The stochastic model contains the statistical character-
istics of the observation vector y and is presented in
the form of the covariance matrix Qy . As the observa-
tion vector y comprises both DD phase observations and
pseudo-observations, Qy also has two parts:

D{
[
y
1
y
2

]
} =

[
Qy1 0

0 Qy2

]
, (4)

where Qy1 is the covariance matrix of the DD phase ob-
servations which mainly describes the stochastic charac-
teristics of the atmospheric signal. y2 and Qy2 are the
vector of pseudo-observations and its covariance matrix,
respectively. Different atmospheric covariance functions
can be used to fill the components ofQy1 using the length
of the arc. Values of Qy2 can be assumed using a pri-
ori knowledge about the topography and the deformation
mechanism, see [6]. The components of Qy2 bound the
solution space of the corresponding unknown parameters.

2.1. ILS algorithm

Using the mathematical model described earlier in this
section, the unknown parameters can be estimated by
least-squares estimation. The procedure is divided into
three steps [15]:



Figure 2. Schematic definition of success rate.

1. First, the float solution is estimated by disregarding
the integerness of the ambiguities. Hence, standard
least-squares adjustment is performed to estimate â,
b̂ and the accompanying variance matrix[

Qâ Qâb̂
Qb̂â Qb̂

]
. (5)

2. After obtaining the float solution, integer ambigui-
ties ǎ are estimated by mapping the float ambiguity
vector â to the corresponding integer (fixed) ambi-
guity vector using a mapping operator S : R 7→ Z,
so:

ǎ = S(â). (6)

In this mapping, the float ambiguity vector is
mapped to the nearest integer ambiguity vector.
However, the nearest must be measured in the met-
ric of the covariance matrix of the float ambiguities
taking into account their correlation and precision.
There are different integer estimators to obtain fixed
ambiguities. In [17] three admissible integer esti-
mators were introduced: integer rounding, integer
bootstrapping, and integer least-squares. The inte-
ger rounding estimator rounds the entries of the float
ambiguity solution to their nearest integer values.
The disadvantage of the integer rounding method is
that it does not take the correlation between float am-
biguities into account. In contrast, the integer boot-
strapping estimator considers some of the ambiguity
correlation [16, 18]. The integer least-squares esti-
mator is the only estimator which accounts for all
the correlation among float ambiguities [15].

The integer least-squares estimator obtains the max-
imum likelihood solution for normally distributed
data. The disadvantage of this technique is that its
computational time is larger in comparison with the
bootstrapping method. An extended bootstrap esti-
mator in order to reduce the computational time was
introduced in [11].

3. Once the fixed ambiguity ǎ is obtained by one of
the admissible estimators, the float solution of the
parameters of interest b̂ is updated using the fixed
ambiguities. Fig. 1 shows the three steps of ILS in a
schematic way.

2.2. Success Rate

During mapping of real-valued float ambiguities to fixed
integer ambiguities (i.e., the second step of ILS), differ-
ent real-valued ambiguity vectors are mapped to the same
integer vector. The subset Sa, which contains all real-
valued float ambiguities that will be mapped to the same
integer vector a, is called the pull-in region of a. The
shape of the pull-in region is dependent on the applied
integer estimator. The success rate Ps is the probability
that the float ambiguities are fixed to the correct integers.
It is defined as:

Ps =

∫
Sa

pdf â(x)dx, (7)

where pdf â is the probability density function of float am-
biguities which are described by Qâ in the case of nor-
mally distributed observations. The closed-form evalua-
tion of success rate for the bootstrap method was given
in [17, 11]. Fig. 2 presents the schematic definition of
success rate.

Note that the narrower the PDF of float ambiguities, the
higher the success rate. In other words, less noisy phase
observations will result in a lower variance of float am-
biguities, and consequently in a higher success rate. For
reliable estimation of the parameters of interest, a high
success rate (i.e., close to 1) is required.

3. STOCHASTIC MODEL FOR DS

In the stochastic model (4), Qy1 describes the stochastic
properties of DD phase observations. For PS, this covari-
ance matrix contains mainly the effects of atmospheric
signal and thermal noise. But for DS, this model should
be extended to include the decorrelation effect in Qy1 .
We define Qy1 as the sum of two components:

Qy1 = Qsc +Qcoh, (8)

where Qsc is the covariance matrix which describes the
stochastic behavior of spatially correlated components
(i.e., mainly atmospheric signal), and Qcoh describes the
spatially uncorrelated components such as thermal noise
and decorrelation. In practice, the magnitude of the spa-
tial coherence γ is used as a measure of spatially uncorre-
lated components, assuming spatial ergodicity. The main
objective here is to derive the variance and covariance
values using the coherence values. For unbiased estima-
tion of spatial coherence, improvements were presented
in [3] and [22]. Knowing the absolute coherence of a par-
ticular pixel, the variance of single difference phase φmn
(i.e., interferometric phase between image m and image
n) can be derived as:

σ2
φmn =

∫ π

−π
[φmn − E {φmn}]2 pdfφmn(γmn)dφmn

(9)



Figure 3. An example of a pixel coherence matrix (a) and a covariance matrix (b) for a particular baseline configuration
with 140 interferograms made from 41 acquisitions (c).

where pdfφmn(γmn) is the probability density function
of φmn, which is a function of absolute coherence γmn.
A closed form expression for variance of single-look ob-
servations was derived in [1]. For multi-looked phases,
the variance can be derived by numerical integration of
(9) using the closed form expression of pdfφmn(γmn)
presented in [10, 20]. By computing the variance of
phase observations we actually derive the diagonal el-
ements of covariance matrix Qcohk

of single difference
observations for pixel k.

We still need to compute the off-diagonal elements or
covariances between interferometric phases. The main
source of this covariance is the correlation between
decorrelation noise of interferograms. The covariance be-
tween two interferometric phases φom and φon can be de-
rived as:

Cov(φom, φon) =∫ π

−π

∫ π

−π
[φom − E {φom}] [φon − E {φon}] . . .

. . . pdfφom,φon(γom, γon, γmn)dφomdφon,

(10)

where pdfφom,φon(γom, γon, γmn) is the joint probabi-
lity distribution function of φom and φon, which is a func-
tion of three coherence values γom, γon, and γmn. This
joint PDF was derived (only for single-look observation)
in [14]. The integral (10) can be solved numerically in
order to derive the covariance values. By computing the
variance and covariance values using (9) and (10) we can
construct the full covariance matrix for each pixel and for
different baseline configurations. In other words, for each
pixel, we can derive the full covariance matrix of an inter-
ferometric stack from its coherence matrix. Fig. 3 shows
an example of coherence and covariance matrices for a
particular baseline configuration.

The covariance matrix Qcoh now can be computed from
the covariance matrices of two pixels (Qcoh1 and Qcoh2)
using the covariance propagation law:

Qcoh = [ 1 −1 ]

[
Qcoh1

Qcoh2

] [
1
−1

]
. (11)

After computation of Qcoh and having Qsc, the full co-
variance matrix of DD observations can be constructed

Figure 4. a) A simple set of three interferograms φ12, φ13,
and φ23. b) determinant of the covariance matrix |Qφ| as
a function of interferograms coherence γ.

using (8).

4. FUNCTIONAL MODEL FOR DS

The functional model for PS (i.e., (3)) is written for sin-
gle master baseline configuration. For PS, which by def-
inition have high coherence or low decorrelation noise,
changing the baseline configuration or using a more re-
dundant configuration (e.g., set of small-baselines inter-
ferograms) does not improve the unwrapping or the suc-
cess rate. In other words, for a PS in a stack of n ac-
quisitions, we can only make a set of n − 1 independent
interferograms which contains all the stack information.
Any other interferogram is simply a linear combination of



Figure 5. Baseline configuration used in the simulation: a) small temporal baselines, b) single master, and c)redundant
small baselines.

other interferograms of that set. Therefore, adding other
interferograms to the baseline configuration will result in
a system of dependent equations which theoretically re-
sults in singularity in the covariance matrix of observa-
tions. However the question is whether this argument also
holds for DS or not.

This question can be reformulated as whether there is any
added value information in linearly dependent interfer-
ograms. In the case of totally dependent observations
the covariance matrix of observations will be singular
and hence has a zero determinant (i.e., |Qφ| = 0). We
test this on a very simple case considering only three in-
terferograms (Fig. 4a). We assume the same coherence
γ for all the three interferograms, and we gradually in-
crease γ from 0 to 1 and derive Qφ and its determinant
using the approach presented in Section 3. As seen in
Fig. 4b, for high values of coherence (i.e., PS-like pix-
els), |Qφ| becomes zero. This confirms our previous ar-
gument that linearly combined interferograms contain re-
dundant information for PS. However, we can see that
for medium coherence values (i.e., DS-like pixels), there
is non-redundant or added value information in the ob-
servations. These results show that although adding a
dependent interferogram does not directly bring any in-
formation about our signal of interest (i.e., height and de-
formation) into the model, it results in a better noise de-
scription in the stochastic model. So we can conclude that
for DS, using baseline configurations other than single-
master stack and adding more interferograms can im-
prove the unwrapping performance, resulting in a higher
success rate. Note that the high coherence combinations
which cause singularity in the covariance matrix should
be avoided.

5. SUCCESS RATE FOR DS

In order to test whether a more redundant network of in-
terferograms can indeed increase the success rate for dis-
tributed scatterers, we compute the success rate (7) for
a sample case. Note that for success rate computation,
we do not need real observations and only require the co-
variance matrix of observations. We computed success
rate for the sample case of 31 radar acquisitions with a

revisit time of 35 days for three different baseline config-
urations: single master, small temporal baselines, and re-
dundant small baselines (Fig. 5). Perpendicular baselines
were simulated with normal distribution, with a standard
deviation of 200m. We assume an arc between a PS and
DS with an arc-length of 200m. To derive Qsc, we only
consider the contribution from atmosphere. We compute
the components of Qsc using the exponential covariance
function for atmospheric signal with a standard deviation
of 5mm and a range of 3km. To derive the Qcoh for the
DS, all the decorrelation sources (i.e., thermal noise, ge-
ometrical decorrelation, co-registration error) were mod-
eled as in [7] and [1]. The DS is assumed to slowly (expo-
nentially) decorrelate in time and lose its coherence com-
pletely after the decorrelation range. We computed the
success rate for different decorrelation ranges. In order to
see the effect of multi-looking, we also derive the success
rate for the multi-looked case, with a multi-looking factor
of 10. Note that in the multi-look case we use the joint
PDF of single-looked phases as an approximation of joint
PDF of multi-looked phases. The results are presented in
Fig. 6.

We can see that the success rate for DS, unlike PS, is
dependent on baseline configuration. In the presence of
decorrelation noise, the choice of baseline configuration
(using small baselines or a more redundant network of in-
terferograms) can significantly improve the success rate.
Multilooking on distributed scatterers can efficiently re-
move the decorrelation noise resulting in significant suc-
cess rate improvement.

6. SUMMARY AND CONCLUSIONS

We have extended the geodetic theoretical framework
of PS to a model capable of exploiting DS. We have
derived the full covariance matrix for an interferogram
stack from the (joint) probability distribution function of
interferometric phases and the stack coherence matrix.
We have demonstrated that there is non-redundant
information in linearly-dependent interferograms. The
correlation between decorrelation noise of connected
interferograms is value-added information, which can
be used for reducing the decorrelation effect and con-



Figure 6. success rates for different baseline configu-
rations and the effect of multi-looking (ML denotes the
multi-looking factor).

sequently increasing the success rate leading to more
reliable unwrapping for distributed scatterers. The
success rate for DS, unlike PS, is dependent on baseline
configuration. In the presence of decorrelation noise,
using small baselines or a more redundant network of
interferograms can significantly improve the success
rate. It is important to note that the interferometric
combinations which cause singularity in the covariance
matrix should be avoided. Multilooking on distributed
scatterers can result in significant improvement in suc-
cess rate. Despite the promising results of this analytical
study, future tests on simulated and real data have to
show the reliability and the performance of the method
on real applications.
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