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i Appears when trying to produce maps, calculate volume averages,
<] prepare initial conditions for models, quality control of data ...
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i But what if observer 1 uses digital thermometer and observer 2 his
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z) Best guess probably near 14°.
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“f:;:i:z‘;z Estimation

e Observer 1: 14°
e Observer 2: 16°

Your best guess ?
15°
But what if observer 1 uses digital thermometer and observer 2 his
finger ?
Best guess probably near 14°.

Exploit knowledge of errors !

[N e
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U'g;i?;;g@ Optimal estimate
Ty=T +e1, (e1)=0, To=T"+¢e, (e)=0 (1)
0

statistical average, denoted by ( ) with unbiased estimates (e..) =
Linear estimate

T=wT, + wyTy = (wi +w)T" + (wi€1 + waer) (2)

(T) = (w1 + wa)T", (3)

we obtain an unbiased estimate of the true state If we take
w1 + w9 = 1. This leaves one parameter free to chose: w,

Exploit knowledge on errors to find optimal value of w,
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Choice of weighting ?

T = (1 — wg)Tl + UJQTQ = T1 + UJQ(TQ — Tl) (4)

while in reality there is an error
T —T" = (1 — wa)er + waea, (5)
This error is zero on average but its variance is not zero:
(T*=T"?) = (1 —wa)? (1) + w3 (e5) + 2(1 — wo)wa (e162)  (6)

The actual errors ¢; and ¢; are not known, but the error variance
<e%> are. Often we can reasonably suppose that the errors ¢; and ¢,

are uncorrelated (e;e2) = 0. The error variance <€2> of the analysis is

(2) = (1 —wa)? (e]) + w3 (€3). (7)

So what ?

GHE
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“f:;:.i:z‘;z Minimisation

() = (1—w2)?(eF) + w3 (€3). (8)

Naturally, the best estimate for 7' is the one with the lowest expected
error variance and we will use w-, which minimizes the right-hand

side:
@
=@+ ) )
. ()8 (| T
S <<e%> ! <e3>)' 10)

GHER
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“'2:122;2@ Best estimate

With (9) we obtain the minimal error variance

W D@ (D Y,
= (1 <e%>+<e3>><1>’ -

€]

while the estimate of the temperature itself reads

a_ (1) -
I =1 + <<e2>—|—<€§> (T2 = T1) . (12)

Error variance on the combination of 77 and 75 i1s smaller
than both (e7) and (e3).
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umrig; Optimal interpolation

Analysis x* as a linear combination of the forecast x/ and the
observations y:

xa:Xf+K(y—fo) (14)
H observation operator and innovation vector
d =7y — Hx/ (15)

Objective: prescribe an optimal matrix K: Kalman gain matrix
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Knowledge on error distribution

de Liege

e=x—x' (16)
e =y—y'. (17)

Error-covariance matrix
R = <€0€OT> (18)

is semi-positive defined since zTRz = <(ZTEO)2>
The analysis step (14) reads

xt—l—ea:xt—l—ef—l—K(eo—Hef) —|—K(yt—th) (19)

\ .
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Kalman gain

e =¢/ + K(e’—Hée). (20)

Construct the error covariance (e?e*" ) of the analysis by multiplying
(20) by its transposed and take the statistical average or expectation

<eaeaT> — <efefT> + K <(e° — Hef)efT> + <ef(e°T — efTHT)> K'
+ K (e~ Hel)(e”T — ¢/ THT) ) K. (21)

Define covariance matrices
P= <eeT> (22)

and assume that observational errors and model errors are not
correlated, <eO€T> — 0.
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Kalman gain

The error-covariance matrix after analysis can then be written as
P* = P/ —KHP/ —P/H'K" + K(R+HP/H")K'
= P/ —P/H'A'HP/ + (P’H" —KA)A~" (HP/ — AK}3)
where we define matrix
A = HP'H" +R (24)

which is symmetric and we suppose that it can be inverted. Global
error estimate:

€t = <ea’Tea’> = trace (P“). (25)
Search for an optimal K which minimizes this trace or for which
(K+ L) —¢(K) =0 (26)

for any small departure matrix L
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Ur:jl\e/ei-r;:: Kalman gain

trace (—L (HPY — AK") — (P/H" —KA)L") =0, (27)
where we neglected quadratic terms in L. The two terms are the
transposed version of each other and since the trace of the matrix
and its transposed are identical, we must request

trace ((P’H" — KA)L") = 0.

Since L is arbitrary, the optimal solution with minimum error is
obtained when

K=P/HTA™' =P/HT(HP/HT +R) (28)
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Kalman gain

The error covariance of the analysis is obtained by injecting (28]) into
23)

P = (1= KH)P/ = (1-P/HT(HP/HT + R) 'H) P/ (29)

which is the analogue of (11)). Note that both the Kalman gain matrix
and the error covariance after the analysis do not depend on the
value of the observations or the forecasted state vector but only on
their statistical error covariances. The only field that depends on the
actual values is of course the state vector itself:

x® = x/ + P/HT(HP/HT + R) ' (y — Hx/). (30)

The use of (28)) in (14)) to combine the forecast and

observation with prescribed error covariance P’ and R is
known as optimal interpolation (Ol)
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i @ 3D-Var
Find the state vector that minimizes the error measure J given by
1

70 = 5 —x) P xxf) 4 (Hx—y)RAHx—y) (32)

Yields the same optimal state.

VAR minimises a sum of a quadratic term of the
statevariables and a quadratic term of misfits (residuals)

[N e
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i @ 3D-Var
Find the state vector that minimizes the error measure J given by
1

70 = 5 —x) P xxf) 4 (Hx—y)RAHx—y) (33)

Yields the same optimal state.

VAR minimises a sum of a quadratic term of the
statevariables and a quadratic term of misfits (residuals)

Kalman filter and 3DVAR yield same results when used
with same covariances in linear case.

[N cree
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@ Spatial interpolation

e "Model forecast": Background field.

e HP/H' is then the covariance of the background field between
data points: each element i, j of B provides the covariance
between points in location i and j. Covariance between a
given point and all data points is stored in column vector c and

the local variance at the analysis point is noted o>.

e Analysis ¢ of anomaly y with respect to background leads to
spatial analysis at any desired location of covariance between

any two points is known.

p=c"(B+R) 'y (34)

with a local error variance of the analysis

2 =0>-c"(B+R) 'c (35)
n
== Note that inversion of matrix is needed (cost increases as the cube

GHER

I of number of data points). He
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Background covariance

Problem, how to specify background covariances (between all data
points and between data points and the desired analysis location).

e ¢;= covariance between location of the analysis and data
location of pointi = C(x, x;)
e B,;=covariance between location of data point i and location of
pOint j: C(ZIJZ, $j)
Approaches

e Normally obtained via statistics on data. Seldom possible
(noticable exception: satellite images).

e Standard Ol: via functions B;; = f(r/L) where r Is the
distance between points i and j, but still function f needs to be
determined. L is the so-called correlation length. Here
statistics on all data couples as a function of distance.

Example: f = 0% exp(—r?/L?).
e Via functionals (see of DIVA later)

GHER
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Signal to noise ratio

B =o°B
R = 2R
C = 0°C

with non-dimensional correlation matrixes B, R, €

e, 1)

with signal-to noise ratio

Also the error field is only depending on the ratio.

(36)

(37)

(38)

(39)

(40)
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Tools

Statistical spatial analysis

Formats

Method

ODV spreadsheet

WOCE
LG

Dist. weighting, VIM

netCDF (toolbox), CSV ascii, ...

Polynomial interpolation ...

CSV ascii, ...

Kriging, Ol, ...

ODV spreadsheet

Variational

Mostly graphics oriented, without "oceanographic" knowledge.

GHE
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DIVA basics

Variational Inverse Method, (Brasseur et al., 1996). Knowing data d;
at location (z;, y,), search the field ¢ which minimizes

Zﬂj xjvy])] + HSD_SObHZ (41)

||| = / (oVVp : VVp + a1V -V + ozocp2)dD (42)
D

The background field ¢, is typically the data average value.

ap penalizes the field itself (anomalies),
ay penalizes gradients V (no trends) ,

oo pPenalizes variability (regularization of second derivatives
VV).

o, can be related to a length scale L of the analysis.
u; penalizes data-analysis misfits (objective).

GHER
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“";:iz-zzi DIVA basics

(43)

oy

TG & Vi b :
N PSSR
A R A S S

Solution by finite element method including DIVA mesh generator

using topographic data. Note decoupling of subbasins.
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“'2:1:2;2@ DIVA as Ol

DIVA is identical to the well known Optimal Interpolation

s 1 15 2 25 3 35 4 s s

e If so-called reproducing kernel of the norm=covariance
function of Ol,

e if the noise Is random, spatially uncorrelated and the
signal/noise ratio parameter is identical.

In this case, the Ol solution=DIVA solution.

e Advantages of DIVA: regularization, fast finite element
solution, boundary effects taken into account.

e Difficulties: generalizations to 3D, error estimates and
multivariate versions are "hybrid".

Major direct advantage of DIVA: matrix to invert is related to the
[0 finite element mesh, NOT the number of data. Useful for large data
E,% sets (Rixen et al., 2000). Equivalence allows to calculate error fields
L] with DIVA even if formulation does not rely on error minimisation. GHER
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SeaDataNet

lllustration of covariance functions
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“'2:122;@ Additions to basic tool

Advection constraint:  Augmented cost function to deal with
preferred correlation directions, eg, via advection with velocity « and
diffusion A

Ja:J(go)+9/ [u- Vo — AV-V]°dD (44)
D
Other features

e Error fields taking data distribution into account.

e Toolbox approach allowing to design own versions.

e 3D and 4D modes by looping, hydrostatic constraint in 3D
mode.

e Cross validation tools to infer statistical parameters and error
estimates.

e Climatology production version with heterogeneous data
distributions |(detrending).

[<D>] e Oultlier detection.
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@ Detrending

Heterogeneous data distribution:

......

trend 200}

First analysis show a biais for each year’s data with respect to first
analysis. Subtract the biais estimate and redo the analysis,
accumulating the biais. After convergence, detrended analysis+biais

of the year.
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SeaDataNet

Example without detrending

Analysis and data location

0.8

DIVA analysis of sin-cosine spatial structure with superimposed
decadal, seasonal and daily cycles and noise.
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DIVA analysis of sin-cosine spatial structure with superimposed
decadal, seasonal and daily cycles and noise. GHER
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:Pan-European ifrastq_u T relfordo.

-1
SeaDataNet

B How to use DIVA?

El

OXYGEN [UMOL/KG]
20 30
Data file name |C:Amsye/ocal/ib/tclB. 4/diva-3 Diwork/DATA /adiatic. data 01 Load
Mesh file name: [Cmsyeacal/ibAclE 47diva 3 D/workMESH  adiistic. mesh Load
Analsis output Hie name: [C:/msys/local/ib/tclp 4/diva-3 Dwork FANALYSIS /adristic. anl Load
™ Compute enor
Reference figld
& None " Mean value © Lin, regiession " Seminomed
e [ [
& Aphadfl Alpha 1[0 Mu[0
Output arid | L il ] ¥ I o | ot
e » o o o
phioign  [14 dohi |5 phiend |18 40°S 20°s EQ 20°N 40°N 60°N
lambda onigin |40 diambds |25 lambda end  [44 SALNTY [PSS78] PHSPHT [UMOLNG] SLCAT UMOLING]
[ ——— | —— . it
Excl vaue [33339 I~ Selected depth ! ] | " y a.ﬁ-:\is & '
{ ' 5 . 14 |
LR o T | ' - - .
Trans. results i E 2 - g
| E w E 3
£ 3 /
& B L
Load configuration | Save configuration | 4 ww ine it oo . el
L] { 4 | A‘j
Ok | Cancel | . y . .~
-3 tane L . 1B L = L & T
'S WS EGQ N HON e e ¥ B -
Display analysis file OXVGEN [UMOLKG] SALNTY [PSSTH]

| &) Diva web-interface (beta)

roms/diva-4.2.1/divastripped

- CALL TO STORES MODULE: IPR
Stalistics I Download analysis Link or embed J Reporta problem J Help J —Mﬂ $$$$$$$$$$$$$S$$$$$$$$$$$$$$$$$
: Total nb. of pts uhere gridded solution is asked = 10201
39.00 Finished storing
Analysis with Diva S58S50SSI0E0RI0L080805588Ss
38.75 CALL TO GCUFAC MODULE:

$$$$$$$$$$$S$S$$$$$$$$$$$$$$$$$

Trace average estimate: 0.8336772668
rms of misfits 1.32904057
38.25 MAXIMUM NUMBER OF INTEGER USED: 192895
MAXIMUM NUMBER OF REAL  USED: 6775828
PRIOR ESTIMATE OF INTEGER USED: 888230

Correlation length [deg]: |3
Signal to noise ratio: |1

divafit

38.50

38.00 PRIOR ESTIMATE OF REAL USED: 9522239
Optional parameters 37.75 5858885888585 858888888888888888888888888E8888888888 850888088888888888888
.U.A. - 4.2.2 - Execution Completed ¢
E ?x&&&&&&&&&&&&&&&&&&?x&&&&&&&&&&&&&&&&?x&&&&&&&&&&&&&&&&?x&&&&&&&&&&&&&&&&&&
Maximum rel. error (from 0 to 1): |z 37.50 Output of results for user
Range of color-bar (min,max): [ | 37.25 Fort.84" -> ../output/fieldgher.anl

“fort.82' -> . ./output/uvalatxyascii.anl®
“fort.83' -> "../output/fieldascii.anl’

37.00 “fort.87' -> ../output/errorfieldgher.anl’
“fort.86' -> ./output/errorfieldascii.anl’
“fort.71" <> ./output/fieldatdatapoint.anl’
“fort.77' -> "../output/gcuval .dat’

Previous iMake analysis/Update: 13 67539 34.66914

Creation of file GridInfo.dat

“fort.87" -> '../output/ghertonetcdf/fort.87’

Creating netcdf file only for field
since Uarbak and ispec are 1 @
%%x SUCCESS writing NetCDF file results.nc

S,

pnalysis is Finished
oA

o
%

GHER

e
e ——

=

D:‘ - GHER
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. Upload " Grid JW'

Analysis with Diva

Correlation length [deg]: |_3

Signal to noise ratio: |1 |

Optional parameters

e de

Maximum rel. error (from 0 to 1): |1_

Range of color-bar (min,max): |

IVersl

13.67539, 24.66914

Un

http://gher-diva. phys. ul g. ac. be
For occasional use or quick data exploration

B
|

GHER
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“'2:1:2;2@ DIVA on WEB

e A first prototype of DIVA on WEB was developped (not aimed
as a tool for climatology production but as an easy way to
access the tools for occasional uses).

e User uploads its 2D data in simple ascii format (test version
now with ONE ODV4 spreadsheet support).

e Based on OpenLayer, OGC-compliant using Phyton. Maps are
generated internally by a request to a server located in Liege.
The request itself is prepared by a Web interface. Results are
shown in OpenlLayers.

e Requests could come from other servers. (ICES and VLIZ
expressed interest).

e Additional outputs as netCDF files, Matlab (or Octave) files
and KML files (Google Earth).

A For the moment only restrictions on CPU time and data quantity.

[<>]
==


http://www.ulg.ac.be

Université
de Liege

Comparison
Method min(e?) | 3D | Multivar | Ops/image e(r) | apriori C.V. anisotropy
Cressman * * NgNg w(r/L) (L) (%)
O.l. * * * N3 + NgNq * c(r/L) | L,o?/u? ()
DIVA * (%) (%) N3/? x | K(r/L) | L,02/u? *
5/4
DINEOF (%) * * N, (%) stat. N *
N4 : number of data points
Ng : number of grid points for analysis
Ne : number of finite elements
N : number of EOFs
L : correlation length
o2 /e : signal to noise ratio
* . available feature
EI% (x) : available with some adaptations
=T

GHE
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Reference tool for SeaDataNet:

e Large data sets expected

e Error fields requested

GUI, ODV-interface, WEB-interface (beginners) or scripts
(expert mode)

e 3D (= stacking of 2D)

e G.C.V. for calibration of L and S/N.

Land and underwater islands/obstacles taken into account
(covariance changed).
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Correlation length (°)

‘ ‘ ‘
— sampled covariance

~—e covariance used for fitting
— fitted Bessel covariance []
[ uncertainty

—e— CL from ROMS
—©—CL from DIVA
—6— CL from WOA05

covariance

.0 0.5 1.0 1.5 2.0 2.5 3.0
distance [degrees]

Spatial coherence of parameters: here correlation length obtained
with covariance fitting (Troupin et al., 2010).

Université

"

=il

GHER
DIVA /== —p. 40/61


http://www.ulg.ac.be

“’2:‘122‘;2' Signal to noise ratio

The most elusive parameter.

o

e Noise is not only instrumental error: BJ

e \ery hard problem to decide on value with dependent data
(cross-validation approaches fail).

A series of estimation tools are provided with DIVA, but here the
experience of oceanographers is critical. A posteriori analysis of
residuals allows to verify coherence. With reasonable amount of
data, parameter not critical for analysis but for error estimates.
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um; Data availability

TH E problem.

e "Enough data" different for cruise snapshots or climatologies

e Recurrent discussion: if and how to mask analyses. Scientific
approach (provide field and error estimate) vs large public
approach (danger of misinterpretation or misuse).

e Validation and QC of products (independent data, other

climatologies).
75m T (°C) N - - o
17.6 o A
T(C) ’s
17.4 7 e = 30 48°N
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- Pan-Europeanifrastr_g:;—ure fordOce

Na R
SeaDataNet

Regional products within SeaDataNet

de Liege

Installation of latest DIVA version and additional climatology-
production tools.

[N e
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~ % .Pan-European infrastructurelfor{Oceal

SeaDataNet

Climatology on WEB

de Liege

Regional products uniformly and automatically prepared as 4D
netCDF files. Hence possibility for common interface:

e % ; g
= Pan-European Infrastructur: 7 talManagemen;

%
SeaDataNet

N\tra;e masked
using relative error
threshold 0.3

Deepest values of
Nitrate masked
using relative error
threshold 0.5
Error standard
deviation of Nitrate

Relative error of
Nitrate
Logarithm10 of
number of data in
bins

Logarithm10 of
number of outliers
_ data in bins
=3 DIVA 4D analysis of
Nitrite_ 18902008
=5 DIVA 4D analysis of
Oxygen. 18902008
DIVA 4D analysis of
Phosphate 18902008
& DIVA 4D analysis of
Salinity. 18902008
Correlation length
field

o
Salinity masked

using relative error
threshold 0.3

Salinity masked

é de Liege

IVersSl

Un

Field produced by INGV Depth [meters] | 0 ~| Time [Months since 1890-01-01]:| 7185 »| Stop

Click an map fo get the value of the field
Units: psu
[ Plot/update Download Style About

http:// gher-diva. phys. ul g. ac. be
Includes vertical transect tool.

"
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Huge problems

LDEO data base with 4.5 10° measurements (Takahashi et al.,
2009). Running on a laptop within a few minutes. Shown here,
temperature fields.

80

60

Université de Liege
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Outliers detected via comparison of statistically expected residuals
(value provided by the DIVA analysis) and actual residuals.

Université

"
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IVersite

£ 10 15 2% 20

Baltic Salinity Climatology (Bassompierre et al., 2010)

Un

"
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P h osp h atg — tlph?gzgngg&f
when hypt

temp101010010 [

big storm in January 1993,
caused massive water through
the Danish straits inflows

with high]salinity

2 enated the Baltic

Université

tphs0707005= total phosphate July -100 m
psal 0101108=salinity January level -40 m
temp101010010=temperature October -20 m

increased temperature
increases risk of hypoxia

"

(Bassompierre et al., 2010)
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Diva-on-web

http://gher-diva. phys. ul g. ac. be
Take the example provided on the Web page
e Change S/N ratio
e ChangelL
e Use divafit
e Look at a posteriori values of S/N
e Change colorbars and ranges for plotting
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http://gher-diva.phys.ulg.ac.be

“’Z}Ziﬁi‘gi Diva-on-web

http://gher-diva. phys. ul g. ac. be

Take a 2D data set of your research.

e If notin the ocean, provide pseudo-coordinates

e Prepare a file in the correct format

e Change S/N ratio

e ChangelL

e Use divafit

e Look at a posteriori values of S/N

e Change colorbars and ranges for plotting
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e Critical points
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e Summary
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DIVA at work

SeaDataNet regional centers now well working with DIVA4D.

Group that was most sceptical at Athens SDN annual meeting
now the most happy user.

DIVA development nicely user driven (annual workshop).

ODV4 spreadsheet format gaining acceptance and easying up
operations.

DIVA incorporation into ODV very stable.

Product preparation very effective at spotting outliers (visually
or by automated a posteriori outlier detection) and testing data
flow.

GHER
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Urmrig; Optimal interpolation

e Kalman Filter as Optimal interpolation
e Optimal ONLY if second order statistics correctly known

e In practize covariance specifications by parametric functions or
functionals

e Role of correlation length and signal/noise ratio
e Rarely error dependence is take into account (non diagonal R)
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“’Z}Ziﬁi‘gi Diva command line

http:// nodb. oce. ul g. ac. be/ proj ects/ 1/ diva
Take one of the examples of the distribution using di val oad
../ exanpl es/ anexanpl e
e Use di vadr ess for full analysis
e Change S/N ratio (by editing . / | nput / par am par)
e ChangelL

e For plotting either load results (. / out put / fi el dgher. anl)

Into matlab or the netCDF version into your preferred plotting
system
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de Liege

@ Computational aspects

e Migration to F95 with dynamic memory allocation.

e Open source tools for large matrix calculations and parallel
machines. (But best parallelization remains on parameters,
seasons ...)

e Feeding of very large data arrays (107).
e Web visualization (both single DIVA analysis and 4D netCDF
files).

In all cases, backward compatibility, portability and independence
on proprietary software
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Functional aspects

de Liege

e Common problem in SeaDataNet and other projects: lack of
biochemical data, strange statistical distributions.

* Multivariate approach with non-collocated data.
* Data transformation tools including anamorphosis.
* Absence-presence data for probability analysis.

e Adapting input possibilities.

2] 1]
(] e Investigate solutions to calibration with dependent data.

[N e
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@ Very profound changes?

de Liege

e N-Dimensional generalization. Easy in finite differences, awful
In FEM, with need to rewrite completely the code.

e More complicated physical laws (source terms, vertical
advection...).

e Diva-on-web to be used from within CDI interface for analyses
on the fly ? (Including possibility to process restricted data
without actually delivering them?).

e Rethinking of folder structure for better support of multiple
users in a single installation.

Some kind of conservatism here: robustness is priority (10? to 10*
spatial analyses for a 4D product). Funding ?

[N e
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