
Chemical Data Assimilation
David Lary, University of Texas at Dallas

David.Lary@utdallas.edu

1

Friday, August 6, 2010

mailto:David.Lary@utdallas.edu
mailto:David.Lary@utdallas.edu


Assimilation is useful because it 
allows us to analyze a multi-variate 

problem multi-variately 
accounting for uncertainty
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Assimilation is useful because it 
allows us to analyze a multi-variate 

problem multi-variately 
accounting for uncertainty

Optimization accounting for uncertainty

Quantify our ignorance
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Recipe for an Ozone Hole
• The polar winter leads to the 

formation of the polar vortex 
which isolates the air within it. 

• Cold temperatures form inside the 
vortex; cold enough for the 
formation of Polar Stratospheric 
Clouds (PSCs). As the vortex air is 
isolated, the cold temperatures and 
the PSCs persist. 

• Once the PSCs form, 
heterogeneous reactions take place 
and convert the inactive chlorine 
and bromine reservoirs to more 
active forms of chlorine and 
bromine. 

• No ozone loss occurs until sunlight 
returns to the air inside the polar 
vortex and allows the production 
of active chlorine and initiates the 
catalytic ozone destruction cycles. 
Ozone loss is rapid. The ozone hole 
currently covers a geographic 
region a little bigger than Antarctica 
and extends nearly 10 km in 
altitude in the lower stratosphere.
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Remote sensing is observing many parts of this system 4
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Ozone
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Ozone

• The ozone layer in the upper atmosphere 
filters potentially damaging ultraviolet 
light from reaching the Earth’s surface.

• Ozone is most abundant in the 
stratosphere with concentrations up to 
10 ppm.

• The absorption of ultraviolet light by 
ozone is so strong that it warms 40 km 
of the atmosphere, the stratosphere.

• Ozone is a powerful oxidizing agent.
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Ozone
• Ground-level ozone is an air pollutant with 

harmful effects on the respiratory systems.

• Most people can detect about 0.01 ppm in air. 

• Exposure of 0.1 to 1 ppm produces headaches, 
burning eyes, and irritation to the respiratory 
passages.

• Exposure to ozone and the pollutants that 
produce it has been linked to premature death, 
asthma, bronchitis, heart attack, and other 
cardiovascular problems. Susceptible people can 
be adversely effected by ozone levels as low as 
40 ppb.

Ozone can inflame the lung's 
lining. The upper photo shows 

a healthy lung air way, the 
lower photo shows an inflamed 

lung air way.
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Ozone

• Ground-level ozone causes more damage to 
plants than all other air pollutants combined. 

• Ozone enters leaves through stomata during 
normal gas exchange.  As a strong 
oxidant, ozone causes several types of 
symptoms including chlorosis (leaves 
producing insufficient chlorophyll) and 
necrosis (premature death of cells).

• The Red Alder leaf to the right is showing 
the typical discoloration caused by ozone 
pollution.

Red Alder leaf, showing the typical 
discoloration caused by ozone 

pollution.

Ambient ozone injury in a 
pumpkin leaf

Ambient ozone injury to sensitive 
and tolerant snap beans

A stoma (plural stomata) is a pore, found in 
the leaf and stem epidermis that is used for 

gas exchange.
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Why is this a multi-
variate problem?
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Ozone Formation

Stratospheric ozone is formed when 
ultraviolet (UV) light from the sun 
provides energy that breaks an oxygen 
molecule (O2) into two oxygen atoms 
(where hν represents a photon of UV light). 

These two oxygen atoms are highly 
reactive, and they can combine with another 
O2 molecule to form a molecule of ozone, 
O3.

O2 + hν → O +O

O2 +O→ O3
9
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provides energy that breaks an oxygen 
molecule (O2) into two oxygen atoms 
(where hν represents a photon of UV light). 

These two oxygen atoms are highly 
reactive, and they can combine with another 
O2 molecule to form a molecule of ozone, 
O3.

O2 + hν → O +O

O2 +O→ O3

Sydney Chapman FRS (29 January 
1888 – 16 June 1970) was a British 

mathematician and geophysicist.
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Ozone Destruction

Once formed the ozone can be 
destroyed by photolysis 

or by thermal decomposition

O3 + hν → O(3P) +O2

O3 + hν → O(1D) +O2

O3 +M→ O2 +O +M
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Catalytic Loss
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Catalytic Loss
• The Chapman cycle (Chapman, 1930) 

predicts an ozone abundance 
approximately twice what is observed. 

• It became clear that in addition to 
these reactions we also have catalytic 
loss cycles. These cycles were first 
introduced by Bates and Nicolet (1950).

• Nicolet noted the importance of OH & 
HO2 radicals in the decomposition of 
O3.

Chapman and Nicolet

H2O +O(1D)→ 2OH
11
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Catalytic Loss
• The scientist to take the next 

fundamental step towards a deeper 
understanding of the chemistry of 
the ozone layer was Paul Crutzen. 

• In 1970 he showed that the 
nitrogen oxides NO and NO2 
react catalytically with ozone 
(without themselves being 
consumed), thus accelerating the rate 
of ozone loss.

Dutch Atmospheric Chemist
Paul Crutzen12
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Supersonic Aircraft
• The power of nitrogen oxides to decompose ozone 

was also noted early by the American researcher 
Harold Johnston, who carried out extensive 
laboratory studies of the chemistry of nitrogen 
compounds. 

• In 1971 he pointed out the possible threat to the 
ozone layer that the planned fleet of supersonic 
aircraft and supersonic travel (SST) might 
represent. These aircraft would be capable of 
releasing nitrogen oxides right in the middle of the 
ozone layer at altitudes of 20 km. 

• This was also the start of intensive research into the 
chemistry of the atmosphere which has made great 
progress during the past several years.

Harold S. Johnston
Professor Emeritus

Berkeley
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Spray cans and refrigerators

• In 1974, Mario Molina and Sherwood Rowland published 
their widely noted Nature article on the threat to the 
ozone layer from chlorofluorocarbon (CFC) gases - 
“freons” - used in spray bottles, as the cooling medium 
in refrigerators and elsewhere and plastic foams. 

• This was based on contributions by

• James Lovelock (England) who had developed a 
highly sensitive device of measuring extremely 
low organic gas contents in the atmosphere, the 
electron capture detector. Using this he could 
now demonstrate that the exclusively man-made, 
chemically inert, CFC gases had already spread 
globally throughout the atmosphere.

• Richard Stolarski and Ralph Cicerone (USA) who 
had shown that free chlorine atoms in the 
atmosphere can decompose ozone catalytically in 
similar ways as nitrogen oxides do.

Mario Molina

Sherwood Rowland
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Sulfate Aerosols

SO2 from NASA AIRS
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Sulfate Aerosols
• Sulfate (H2SO4) aerosols are produced 

by chemical reactions in the 
atmosphere from gaseous precursors.

• There is a sulfate aerosol layer in the 
lower stratosphere (≈20 km). This was 
first highlighted by Christian Junge in 
the 1960s,

• The sulfate particles in the atmosphere 
are about 0.1 to 1.0 micrometer (a 
millionth of a meter) in diameter.

• The two main sulfate precursors are 
sulfur dioxide (SO2) from 
anthropogenic sources and volcanoes, 
and dimethyl sulfide (DMS) from 
biogenic sources, especially marine 
plankton. These aerosols can cause a 
cooling affect on earth.

Redoubt, Alaska Pinatubo, Philippines

Christian Junge

SO2 from NASA AIRS
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June 15 to September 13, 1991

SO2

Mount Pinatubo
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Polar Stratospheric Clouds

• Polar stratospheric clouds (PSCs), also known as nacreous clouds, are 
clouds in the winter polar stratosphere at altitudes of 15–25 km. 

• Their effects on ozone depletion arise because chemical reactions occur 
on their surface converting chlorine reservoir species to a reactive form.

• PSCs are classified into three types Ia, Ib and II according to their 
chemical composition.

• Type I clouds contain nitric acid and water.

• Type Ia clouds consist of crystals formed from nitric acid and 
water.

• Type Ib cloud droplets additionally contain sulfuric acid and are 
present in the form of supercooled ternary solution.

• Type II clouds consist of water ice only.

HCl +  ClONO2 → HNO3  + Cl2

ClONO2  + H2O → HNO3  + HOCl
HCl +  HOCl→ H2O +  Cl2

N2O5  + HCl→ HNO3  + ClONO
N2O5  + H2O → 2 HNO3

Type II
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The Ozone Hole
Joe Farman

British Antarctic Survey

A multi-variate problem where remote 
sensing provides invaluable information
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What is Data Assimilation?

In data assimilation the aim is to produce an 
analysis,  our best guess at the state of a 
system we are modeling 
deterministically (described by a state 
vector, a collection of numbers) by 
combining various sources of information 
each weighted by how much we trust that 
information (characterized by its uncertainty). 

The uncertainty in the state vector is called 
the state vector uncertainty.
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Over or Under Determined?
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Over or Under Determined?

• If the model state is overdetermined by 
the observations, then the analysis reduces to 
an interpolation problem. 
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Over or Under Determined?

• If the model state is overdetermined by 
the observations, then the analysis reduces to 
an interpolation problem. 

• In most cases the analysis problem is under-
determined, because data is sparse and 
only indirectly related to the model 
variables. In order to make it a well-posed 
problem it is necessary to rely on some 
background information in the form of an 
a priori estimate of the model state.
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The Background - Prior Information
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The Background - Prior Information

The background information can be a climatology 
or a trivial state; it can also be generated from the 
output of a previous analysis, using some 
assumptions of consistency in time of the model state, 
like stationarity (hypothesis of persistence) or the 
evolution predicted by a forecast model. 
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The Background - Prior Information

The background information can be a climatology 
or a trivial state; it can also be generated from the 
output of a previous analysis, using some 
assumptions of consistency in time of the model state, 
like stationarity (hypothesis of persistence) or the 
evolution predicted by a forecast model. 

In a well-behaved system, one expects that this allows 
the information to be accumulated in time 
into the model state, and to propagate to all variables 
of the model. This is the concept of data assimilation.
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Data Assimilation

Data assimilation is an analysis technique in 
which the observed information is 
accumulated into the model state by 
taking advantage of consistency constraints 
with laws of time evolution and physical 
properties.

22

Friday, August 6, 2010



Two types of Assimilation

• Sequential assimilation, that only 
considers observation made in the past 
until the time of analysis, which is the case 
of real-time assimilation systems.

• Non-sequential, or retrospective 
assimilation, where observation from 
the future can also be used, for instance 
in a reanalysis exercise. 

23
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Two types of Assimilation
Another distinction can made between methods 
that are intermittent or continuous in time. 
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Data assimilation concepts and methods

4 Meteorological Training Course Lecture Series

! ECMWF, 2002

Figure  1. Representation of four basic strategies for data assimilation, as a function of time. The way the time
distribution of observations (“obs”) is processed to produce a time sequence of assimilated states (the lower curve

in each panel) can be sequential and/or continuous.

Assimilation. Data assimilation is an analysis technique in which the observed information is accumulated into the
model state by taking advantage of consistency constraints with laws of time evolution and physical properties.

There are two basic approaches to data assimilation: sequential assimilation, that only considers observation made
in the past until the time of analysis, which is the case of real-time assimilation systems, and non-sequential, or
retrospective assimilation, where observation from the future can be used, for instance in a reanalysis exercise. An-
other distinction can made between methods that are intermittent or continuous in time. In an intermittent method,
observations can be processed in small batches, which is usually technically convenient. In a continuous method,
observation batches over longer periods are considered, and the correction to the analysed state is smooth in time,
which is physically more realistic. The four basic types of assimilation are depicted schematically in Fig. 1 . Com-

Representation of four basic strategies for 
data assimilation, as a function of time. 

The way the time distribution of 
observations (“obs”) is processed to 
produce a time sequence of assimilated 
states (the lower curve in each panel) can 
be sequential and/or continuous.

The four Basic Types 
of Assimilation
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Cressman analysis

One may like to design the analysis 
procedure as an algorithm in which the 
model state is set equal to the observed 
values in the vicinity of available 
observations, and to an arbitrary state 
(say, climatology or a previous forecast) 
otherwise. This is still widely used for simple 
assimilation systems.

26
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Cressman analysis

Data assimilation concepts and methods

6 Meteorological Training Course Lecture Series

! ECMWF, 2002

ity potential , with a suitable definition of the integration constants. The humidity can be represented as spe-
cific or relative humidity or dew-point temperature, as long as temperature is known. In the vertical, under the
assumption of hydrostatic balance, thicknesses or geopotential heights can be regarded as equivalent to the knowl-
edge of temperature and surface pressure. All these transforms do not change the analysis problem, only its repre-
sentation2. This may sound trivial, but it is important to realize that the analysis can be carried out in a
representation that is not the same as the forecast model, as long as the transforms are invertible. The practical prob-
lems of finding the analysis, e.g. the modelling of error statistics, can be greatly simplified if the right representation
is chosen.

Since the model has a lower resolution than reality, even the best possible analysis will never be completely real-
istic. In the presentation of analysis algorithms we will sometimes refer to the true state of the model. This is a
phrase to refer to the best possible state represented by the model, which is what we are trying to approximate.
Hence it is clear that, even if the observations do not have any instrumental error, and the analysis is equal to the
true state, there will be some unavoidable discrepancies between the observed values and their equivalents in the
analysis, because of representativeness errors. Although we will often treat these errors as a part of the observation
errors in the mathematical equations below, one should keep in mind that they depend on the model discretization,
not on instrumental problems.

1.2  Cressman analysis and related methods

One may like to design the analysis procedure as an algorithm in which the model state is set equal to the observed
values in the vicinity of available observations, and to an arbitrary state (say, climatology or a previous forecast)
otherwise. This formed the basis of the old Cressman analysis scheme (Fig. 3 ) which is still widely used for simple
assimilation systems.

The model state is assumed to be univariate and represented as grid-point values. If we denote by a previous
estimate of the model state (background) provided by climatology, persistence or a previous forecast, and by ,
a set of observations of the same parameter, a simple kind of Cressman analysis is provided by
the model state  defined at each grid point  according to the following update equation:

where is a measure of the distance between points and . is the background state interpolated to
point . The weight function equals one if the grid point is collocated with observation . It is a
decreasing function of distance which is zero if , where is a user-defined constant (the “influence
radius”) beyond which the observations have no weight.

2.  At ECMWF, the analysis problem is currently formulated in terms of the spectral components of vorticity, divergence, temperature, grid-
point values of specific humidity, on surfaces defined by the hybrid coordinate, and logarithm of surface pressure, just like in the forecast
model. In winter 1998 the model state dimension was about 6.106.
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Data assimilation concepts and methods

Meteorological Training Course Lecture Series

! ECMWF, 2002 7

Figure 3. An example of Cressman analysis of a one-dimensional field. The background field is represented as
the blue function, and the observations in green. The analysis (black curve) is produced by interpolating between

the background (grey curve) and the observed value, in the vicinity of each observation; the closer the
observation, the larger its weight.

There are many variants of the Cressman method. One can redefine the weight function, e.g. as .
A more general algorithm is the successive correction method (SCM)3. One of its features is that the weights can
be less than one for , which means that a weighted average between the background and the observation is
performed. Another one is that the updates can be performed several times, either as several iterations at a single
time in order to enhance the smoothness of corrections, or as several corrections distributed in time. With enough
sophistication the successive correction method can be as good as any other assimilation method, however there is
no direct method for specifying the optimal weights.

ref: Daley 1991

1.3  The need for a statistical approach

The Cressman method is not satisfactory in practice for the following reasons:
• if we have a preliminary estimate of the analysis with a good quality, we do not want to replace it by

values provided from poor quality observations.
• when going away from an observation, it is not clear how to relax the analysis toward the arbitrary

state, i.e. how to decide on the shape of the function .
• an analysis should respect some basic known properties of the true system, like smoothness of the

fields, or relationship between the variables (e.g. hydrostatic balance, or saturation constraints).
This is not guaranteed by the Cressman method: random observation errors could generate
unphysical features in the analysis.

Because of its simplicity, the Cressman method can be a useful starting tool. But it is impossible to get rid of the
above problems and to produce a good-quality analysis without a better method. The ingredients of a good analysis
are actually well known by anyone who has experience with manual analysis:

1) one should start from a good-quality first guess, i.e. a previous analysis or forecast that gives an
overview of the situation,

3.   In the recent literature this name is often replaced by observation nudging which is more or less the same thing. The model nudging is a
model forcing technique in which the model state is relaxed toward another predefined state.

xb

2
, 2 2⁄–( )exp

=

Cressman analysis

An example of Cressman analysis of a one-dimensional field. The background field xb is 
represented as the blue function, and the observations in green. The analysis (black curve) is 
produced by interpolating between the background (grey curve) and the observed value, in 
the vicinity of each observation; the closer the observation, the larger its weight.
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Data assimilation concepts and methods

Meteorological Training Course Lecture Series

! ECMWF, 2002 7
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sophistication the successive correction method can be as good as any other assimilation method, however there is
no direct method for specifying the optimal weights.

ref: Daley 1991

1.3  The need for a statistical approach

The Cressman method is not satisfactory in practice for the following reasons:
• if we have a preliminary estimate of the analysis with a good quality, we do not want to replace it by

values provided from poor quality observations.
• when going away from an observation, it is not clear how to relax the analysis toward the arbitrary

state, i.e. how to decide on the shape of the function .
• an analysis should respect some basic known properties of the true system, like smoothness of the
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Because of its simplicity, the Cressman method can be a useful starting tool. But it is impossible to get rid of the
above problems and to produce a good-quality analysis without a better method. The ingredients of a good analysis
are actually well known by anyone who has experience with manual analysis:

1) one should start from a good-quality first guess, i.e. a previous analysis or forecast that gives an
overview of the situation,

3.   In the recent literature this name is often replaced by observation nudging which is more or less the same thing. The model nudging is a
model forcing technique in which the model state is relaxed toward another predefined state.

xb

2
, 2 2⁄–( )exp

=

Cressman analysis

An example of Cressman analysis of a one-dimensional field. The background field xb is 
represented as the blue function, and the observations in green. The analysis (black curve) is 
produced by interpolating between the background (grey curve) and the observed value, in 
the vicinity of each observation; the closer the observation, the larger its weight.

If we have a preliminary 
estimate of the analysis with 

a good quality, we do not 
want to replace it by values 
provided from poor quality 

observations. 
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Figure 3. An example of Cressman analysis of a one-dimensional field. The background field is represented as
the blue function, and the observations in green. The analysis (black curve) is produced by interpolating between

the background (grey curve) and the observed value, in the vicinity of each observation; the closer the
observation, the larger its weight.

There are many variants of the Cressman method. One can redefine the weight function, e.g. as .
A more general algorithm is the successive correction method (SCM)3. One of its features is that the weights can
be less than one for , which means that a weighted average between the background and the observation is
performed. Another one is that the updates can be performed several times, either as several iterations at a single
time in order to enhance the smoothness of corrections, or as several corrections distributed in time. With enough
sophistication the successive correction method can be as good as any other assimilation method, however there is
no direct method for specifying the optimal weights.

ref: Daley 1991

1.3  The need for a statistical approach

The Cressman method is not satisfactory in practice for the following reasons:
• if we have a preliminary estimate of the analysis with a good quality, we do not want to replace it by

values provided from poor quality observations.
• when going away from an observation, it is not clear how to relax the analysis toward the arbitrary

state, i.e. how to decide on the shape of the function .
• an analysis should respect some basic known properties of the true system, like smoothness of the

fields, or relationship between the variables (e.g. hydrostatic balance, or saturation constraints).
This is not guaranteed by the Cressman method: random observation errors could generate
unphysical features in the analysis.

Because of its simplicity, the Cressman method can be a useful starting tool. But it is impossible to get rid of the
above problems and to produce a good-quality analysis without a better method. The ingredients of a good analysis
are actually well known by anyone who has experience with manual analysis:

1) one should start from a good-quality first guess, i.e. a previous analysis or forecast that gives an
overview of the situation,

3.   In the recent literature this name is often replaced by observation nudging which is more or less the same thing. The model nudging is a
model forcing technique in which the model state is relaxed toward another predefined state.
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above problems and to produce a good-quality analysis without a better method. The ingredients of a good analysis
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Ingredients of a good analysis
1. one should start from a good-quality first guess, i.e. a 

previous analysis or forecast that gives an overview of the situation,

2. if observations are dense, then one assumes that the truth probably 
lies near their average. One must make a compromise between the 
first guess and the observed values. The analysis should be 
closest to the data we trust most, whereas suspicious data 
will be given little weight.

3. the analysis should be smooth, because we know that the true 
field is. When going away from an observation, the analysis will relax 
smoothly to the first guess on scales known to be typical of the 
usual physical phenomena.

4. the analysis should also try to respect the known physical 
features of the system. Of course, it is possible in exceptional 
cases that unusual scales and imbalances happen, and a good analyst 
must be able to recognize this, because exceptional cases are usually 
important too.
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State Vector
The first step in the mathematical formalization of the 
analysis problem is the definition of the work space. 
The collection of numbers needed to represent the state of 
the model is collected as a column matrix called the state 
vector, x. How the vector components relate to the real state 
depend on the choice of discretization, which is 
mathematically equivalent to a choice of basis.

• The best possible representation of reality as a state vector 
at time t, denoted by xt. 

• The a priori or background estimate of the true state before 
the analysis is carried out, valid at the same time xb. 

• The analysis, which is what we are looking for, is denoted xa.
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can take a number of error realizations and make empirical statistics. This is in a sense a climatology of errors.
Another empirical way to specify error statistics is to take them to be a fraction of the climatological statistics of
the fields themselves.

When setting up an assimilation system in practice, such approximations are unavoidable because it is very difficult
to gather accurate data to calibrate statistics: estimation errors cannot be observed directly. Some useful informa-
tion on the average values of the statistics can be gathered from diagnostics of an existing data assimilation system
using the observational method (see its description below) and the NMC method (use of forecast differences as
surrogates to short-range forecast errors). More detailed, flow-dependent forecast error covariances can be estimat-
ed directly from a Kalman filter (described below), although this algorithm raises other problems. Finally, meteor-
ological common sense can be used to specify error statistics, to the extent that they reflect our a priori knowledge
of the physical processes responsible for the errors15.

ref: Hollingsworth et al. 1986; Parrish and Derber 1992

4. STATISTICAL INTERPOLATION WITH LEAST-SQUARES ESTIMATION

In this section we present the fundamental equation for linear analysis in a general algebraic form: the least squares
estimation, also called Best Linear Unbiased Estimator (BLUE). The following sections will provide more expla-
nations and illustrations, and we shall see how the least-squares estimation can be simplified to yield the most com-
mon algorithms used nowadays in meteorology and oceanography.

4.1  Notation and hypotheses

The dimension of the model state is  and the dimension of the observation vector is . We will denote:

 true model state (dimension )

 background model state (dimension )

 analysis model state (dimension )

 vector of observations (dimension )

 observation operator (from dimension  to )

 covariance matrix of the background errors  (dimension )

 covariance matrix of observation errors  (dimension )

 covariance matrix of the analysis errors  (dimension )

The following hypotheses are assumed:
• Linearized observation operator: the variations of the observation operator in the vicinity of the

background state are linear: for any close enough to , where
is a linear operator.

• Non-trivial errors:  and  are positive definite matrices.

14.   It is called an assumption of ergodicity.
15.  It is obvious that e.g. forecast errors in a tropical meteorological assimilation shall be increased in the vicinity of reported tropical
cyclones, for instance, or that observation operators for satellite radiances have more errors in cloudy areas.
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Least-squares analysis equations

The optimal least-squares estimator is 
defined by the following interpolation 
equations:

where the linear operator K is called the 
gain, or weight matrix, of the analysis.
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• Unbiased errors: the expectation of the background and observation errors is zero i.e.

• Uncorrelated errors: observation and background errors are mutually uncorrelated i.e.

• Linear analysis: we look for an analysis defined by corrections to the background which depend
linearly on background observation departures.

• Optimal analysis: we look for an analysis state which is as close as possible to the true state in an
r.m.s. sense (i.e. it is a minimum variance estimate).

ref: Daley 1991; Lorenc 1986; Ghil 1989

4.2  Theorem: least-squares analysis equations

Proof:

With a translation of by , we can assume that so the observation operator is linear for our purposes. The
equation (A5) is simply a mathematical expression of the fact that we want the analysis to depend linearly on the observation

(a) The optimal least-squares estimator, or BLUE analysis, is defined by the
following interpolation equations:

(A5)

(A6)

where the linear operator  is called the gain, or weight matrix, of the analysis.

(a) The analysis error covariance matrix is, for any :

(A7)

If  is the optimal least-squares gain, the expression becomes

(A8)

(a) The BLUE analysis is equivalently obtained as a solution to the variational
optimization problem:

(A9)

where is called the cost function of the analysis (or misfit, or penalty function),
 is the background term,  is the observation term.

(a) The analysis  is optimal: it is closest in an r.m.s. sense to the true state .

(b) If the background and observation error pdfs are Gaussian, then is also the
maximum likelihood estimator of .
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The optimal least-squares estimator is 
defined by the following interpolation 
equations:

where the linear operator K is called the 
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(and possibly different background error models) are used on different parts of the model state. Also, it is impos-
sible to guarantee the coherence between small and large scales of the analysis (Lorenc 1981).

13. THREE-DIMENSIONAL VARIATIONAL ANALYSIS (3D-VAR)
The principle of 3D-Var is to avoid the computation (A6) of the gain completely by looking for the analysis as
an approximate solution to the equivalent minimization problem defined by the cost function in (A9). The solu-
tion is sought iteratively by performing several evaluations of the cost function

and of its gradient

in order to approach the minimum using a suitable descent algorithm. The approximation lies in the fact that only
a small number of iterations are performed. The minimization can be stopped by limiting artificially the number
of iterations, or by requiring that the norm of the gradient decreases by a predefined amount during the
minimization, which is an intrinsic measure of how much the analysis is closer to the optimum than the initial
point of the minimization. The geometry of the minimization is suggested in Fig. 11 .
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Figure 11. Schematic representation of the variational cost-function minimization (here in a two-variable model
space): the quadratic cost-function has the shape of a paraboloid, or bowl, with the minimum at the optimal

analysis . The minimization works by performing several line-searches to move the control variable to areas
where the cost-function is smaller, usually by looking at the local slope (the gradient) of the cost-function.

In practice, the initial point of the minimization, or first guess, is taken equal to the background . This is not
compulsory, however, so it is important to distinguish clearly between the terms background (which is used in the
definition of the cost function) and first guess (which is used to initiate the minimization procedure). If the mini-
mization is satisfactory, the analysis will not depend significantly on the choice of first guess, but it will always be
sensitive to the background.

A significant difficulty with 3D-Var is the need to design a model for that properly defines background error
covariances for all pairs of model variables. In particular, it has to be symmetric positive definite, and the back-
ground error variances must be realistic when expressed in terms of observation parameters, because this is what
will determine the weight of the observations in the analysis.

The popularity of 3D-Var stems from its conceptual simplicity and from the ease with which complex observation
operators can be used, since only the operators and the adjoints of their tangent linear need to be provided23. Weak-
ly non-linear observation operators can be used, with a small loss in the optimality of the result. As long as is
strictly convex, there is still one and only one analysis.

In most cases the observation error covariance matrix is block-diagonal, or even diagonal, because there is no
reason to assume observation error correlations between independent observing networks, observing platforms or
stations, and instruments, except in some special cases. It is easy to see that a block-diagonal implies that

23.  whereas OI requires a background error covariance model between each observed variable and each model variable.
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VARIATIONAL ANALYSIS (3D-VAR)

Schematic representation of the variational cost-function minimization (here in a two-variable model space): the quadratic 
cost-function has the shape of a paraboloid, or bowl, with the minimum at the optimal analysis xa . The minimization works 
by performing several line-searches to move the control variable x to areas where the cost-function is smaller, usually by 

looking at the local slope (the gradient) of the cost-function.
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covariance matrix  is only defined at initial time, the time of the background and of the analysis .

15.1  The four-dimensional analysis problem

In its general form, it is defined as the minimization of the following cost function:

which can be proven, like in the three-dimensional case detailed previously, to be equivalent to finding the
maximum likelihood estimate of the analysis subject to the hypothesis of Gaussian errors.

The 4D-Var analysis, or four-dimensional variational assimilation problem, is by convention defined as the
above minimization problem subject to the strong constraint that the sequence of model states must be a solution
of the model equations:

where is a predefined model forecast operator from the initial time to . 4D-Var is thus a nonlinear
constrained optimization problem which is very difficult to solve in the general case. Fortunately it can be greatly
simplified with two hypotheses:

Causality. The forecast model can be expressed as the product of intermediate forecast steps, which
reflects the causality of nature. Usually it is the integration of a numerical prediction model starting
with as the initial condition. If the times i are sorted, with so that is the identity,
then by denoting  the forecast step from  to  we have and by recurrence

Tangent linear hypothesis. The cost function can be made quadratic by assuming, on top of the
linearization of , that the operator can be linearized, i.e.

where is the tangent linear (TL) model, i.e. the differential of . For a discussion of this
hypothesis, refer to the section on the tangent linear hypothesis, in which the remarks made on
apply similarly to . It explains that the realism of the TL hypothesis depends not only on the
model, but also on the general characteristics of the assimilation system, including notably the
length of the 4D-Var time interval.

The two hypotheses above simplify the general minimization problem to an unconstrained quadratic one which is
numerically much easier to solve. The first term of the cost function is no more complicated than in 3D-Var
and it will be left out of this discussion. The evaluation of the second term would seem to require integrations
of the forecast model from the analysis time to each of the observation times , and even more for the computation
of the gradient . We are going to show that the computations can in fact be arranged in a much more efficient
way.
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In its general form, it is defined as the minimization of the following cost function:

which can be proven, like in the three-dimensional case detailed previously, to be equivalent to finding the
maximum likelihood estimate of the analysis subject to the hypothesis of Gaussian errors.

The 4D-Var analysis, or four-dimensional variational assimilation problem, is by convention defined as the
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of the model equations:
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constrained optimization problem which is very difficult to solve in the general case. Fortunately it can be greatly
simplified with two hypotheses:

Causality. The forecast model can be expressed as the product of intermediate forecast steps, which
reflects the causality of nature. Usually it is the integration of a numerical prediction model starting
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Tangent linear hypothesis. The cost function can be made quadratic by assuming, on top of the
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hypothesis, refer to the section on the tangent linear hypothesis, in which the remarks made on
apply similarly to . It explains that the realism of the TL hypothesis depends not only on the
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The two hypotheses above simplify the general minimization problem to an unconstrained quadratic one which is
numerically much easier to solve. The first term of the cost function is no more complicated than in 3D-Var
and it will be left out of this discussion. The evaluation of the second term would seem to require integrations
of the forecast model from the analysis time to each of the observation times , and even more for the computation
of the gradient . We are going to show that the computations can in fact be arranged in a much more efficient
way.
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then by denoting  the forecast step from  to  we have and by recurrence

Tangent linear hypothesis. The cost function can be made quadratic by assuming, on top of the
linearization of , that the operator can be linearized, i.e.

where is the tangent linear (TL) model, i.e. the differential of . For a discussion of this
hypothesis, refer to the section on the tangent linear hypothesis, in which the remarks made on
apply similarly to . It explains that the realism of the TL hypothesis depends not only on the
model, but also on the general characteristics of the assimilation system, including notably the
length of the 4D-Var time interval.

The two hypotheses above simplify the general minimization problem to an unconstrained quadratic one which is
numerically much easier to solve. The first term of the cost function is no more complicated than in 3D-Var
and it will be left out of this discussion. The evaluation of the second term would seem to require integrations
of the forecast model from the analysis time to each of the observation times , and even more for the computation
of the gradient . We are going to show that the computations can in fact be arranged in a much more efficient
way.
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FOUR-DIMENSIONAL VARIATIONAL 
ASSIMILATION (4D-VAR)

4D-Var is a simple generalization of 3D-Var 
for observations that are distributed in time. 
In its general form, it is defined as the 
minimization of the following cost function:

We are performing a least squares fit of 
the linearized model to the 
observations.

ObservationsBackground

.... we can add additional terms
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Example of 4D Var
Data assimilation concepts and methods
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15.3  Properties of 4D-Var

Figure  12. Example of 4D-Var intermittent assimilation in a numerical forecasting system. Every 6 hours a 4D-
Var is performed to assimilate the most recent observations, using a segment of the previous forecast as

background. This updates the initial model trajectory for the subsequent forecast.

When compared to a 3-D analysis algorithm in a sequential assimilation system, 4D-Var has the following charac-
teristics:

• it works only under the assumption that the model is perfect. Problems can be expected if model
error are large.

• it requires the implementation of the rather special operators, the so-called adjoint model. This
can be a lot of work if the forecast model is complex.

• in a real-time system it requires the assimilation to wait for the observations over the whole 4D-Var
time interval to be available before the analysis procedure can begin, whereas sequential systems
can process observations shortly after they are available. This can delay26 the availability of .

• is used as the initial state for a forecast, then by construction of 4D-Var one is sure that the
forecast will be completely consistent with the model equations and the four-dimensional
distribution of observations until the end of the 4D-Var time interval (the cutoff time). This
makes intermittent 4D-Var a very suitable system for numerical forecasting (Fig. 12 ).

• 4D-Var is an optimal assimilation algorithm over its time period thanks to the following theorem. It
means that it uses the observations as well as possible, even if is not perfect, to provide in a
much less expensive way than the equivalent Kalman Filter. For instance, the coupling between
advection and observed information in illustrated in Fig. 13 .

26.  Some special implementations of 4D-Var can partly solve this problem.

MT
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xa

B xa

Provide optimum initial conditions, xa
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The Kalman Filter
The Kalman filter augments the usual 
equations for the analysis and propagation of 
the model state:

with equations which analyze and propagate 
the covariance matrix:
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1. INTRODUCTION

For a perfect, linear model and linear observation operators, both 4dVar and the Kalman filter give the same values
for the model variables at the end of the 4dVar assimilation window, provided that both systems start with the same
covariance matrices at the beginning of the window. The fundamental difference between the Kalman filter and
4dVar is that the former explicitly evolves the covariance matrix, whereas the covariance evolution in 4dVar is im-
plicit. This means that when we come to perform another cycle of analysis, the Kalman filter provides us with both
a model state (background) and its covariance matrix. 4dVar does not provide the covariance matrix.

The aim of this lecture is to describe some approaches to Kalman filterering for very large systems. Particular em-
phasis is placed on describing the ECMWF “reduced rank” Kalman filter. This is under development as a possible
replacement for the current 4dVar system.

2. WHY IS THE KALMAN FILTER IMPRACTICAL FOR VERY LARGE SYSTEMS?
The Kalman filter augments the usual equations for the analysis and propagation of the model state:

(1)x x P HT R HP HT+( )
1–

y Hx–( )+=
x x( )=

Assimilation Techniques (5): Approximate Kalman Filters and Singular Vectors

2 Meteorological Training Course Lecture Series

! ECMWF, 2002

with equations which analyse and propagate the covariance matrix:

(2)

(Note: To avoid confusing integer subscripts denoting analysis cycle, the background and forecast states and
covariance matrices have been distinguished in Eqs. (1) and (2) by subscripts and superscripts, and . Of
course, the forecast quantities and form the background state and covariance matrix for the next
analysis cycle. The matrix  represents the effect of model error.)

For large systems, the computational expense of the Kalman filter is in the analysis and the propagation of the co-
variance matrix. There are two expensive operations. First, to calculate the analysis error covariance matrix, we
must invert the matrix . Second, the covariance matrix has to be propagated in time according to the
dynamics of the tangent linear model. This requires the application of the tangent linear model to each column and
the adjoint model to each row of the (typically ) covariance matrix. In additional to the prohibitive com-
putational expense of these operations, the covariance matrices are too large to store in current computer memories.

A full Kalman filter has been run at ECMWF for a three-level T21 quasi-geostrophic model. This is more or less
the largest system for which a full Kalman filter is computationally feasible on current computers. The computa-
tional cost rises rapidly with the dimension of the problem since higher resolution increases both the computational
cost of the model, and the number of model integrations which are required.

For the forseeable future, therefore, the full Kalman filter will remain too expensive for use as a meteorological
analysis sytem for numerical weather prediction. We are forced to approximate. In particular, we must find ways
to reduce the number of integrations of the tangent linear model by several orders of magnitude.

3. THE ENSEMBLE KALMAN FILTER

The ensemble Kalman filter (Evensen 1994, Houtekamer and Mitchell 1998) takes a statistical approach to the so-
lution of the Kalman filter equations for the covariance matrices of analysis and background error. The idea of the
method is to generate a statistical sample of analyses. This is done by running the analysis system several times for
a given date, each time using backgrounds which differ by an amount characteristic of background error, and ob-
servations which have been perturbed by adding random noise drawn from the distribution of observation error.
(The backgrounds are produced by running short forecasts from each member of the preceding ensemble of anal-
yses.)

The differences between the analyses form a statistical sample of analysis error, which may be used to estimate the
covariance matrix of analysis error, without the need for expensive matrix inversions:

(3)

where  represents an average over the ensemble.

By running a short forecast from each ensemble analysis, we get an ensemble of backgrounds which give an esti-
mate of the covariance matrix of background error:

(4)

P P P HT R HP HT+( )
1–
HP–=

P MP MT Q+=

x P x P
Q
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106 106"

P x x( )T# $%

.# $

P x x( )T# $%
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Specific Issues for Chemical Assimilation

• Appropriate characterization of errors

• Representativeness, spatial temporal variability over analysis 
space and time grid. Useful to use PDF widths to quantify this.

• Inter-instrument biases are a serious issue.

• 3D Var not suitable for chemical species with a strong diurnal 
cycle, use only for long-lived species.

• 4D Var accounts for time variation but does not account for 
strong time dependence error covariance matrix.

• Unphysical negative concentrations can be avoided by using 
log of concentrations.

• Kalman filter allows time evolution of error covariance matrix 
but is computationally expensive and has huge memory 
requirements.

38
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Geophysical Insights
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Geophysical Insights

(a) (b)

(c) (d)

Figure 2: N2O Equivalent PV latitude - potential temperature cross sections

of (a) representativeness uncertainty (v.m.r.), (b) observational uncertainty

(v.m.r.), (c) obvservation (v.m.r.), and (d) analyses uncertainty (v.m.r.). The

data used is from the Upper Atmosphere Research Satellite (UARS) Cryogenic

Limb Array Etalon Spectrometer (CLAES) version 9 for January 1992.

3
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Assimilation Uses the Model as an Interpolator
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Appropriate Visualization
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Figure 1: The left hand column of figures shows diurnal cycles for vertical

profiles of NO, and NO2from assimilated analyses of the March 1992 ATMOS

Atlas-1 data at 40◦S. Overlaid as color filled circles are the observations used.

The background color represents the analyses produced by chemical data as-

similation. To empasize the cyclic nature time is represented by the angle

and the local solar time is shown around the circumference. The potential

temperature is represented by the radius. The right hand column shows the

associated uncertainty. Overlaid as color filled circles are the observational

uncertainties.
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Assimilation is a 
Framework for Data Fusion

43
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Atmospheric Hydroxyl

• The hydroxyl radical is the predominant atmospheric oxidant, 
responsible for removing a wide range of trace gases, destroying 
about 3.7 petagrams (Pg) of trace gases each year, including many 
gases involved in ozone depletion, the greenhouse effect and 
urban air pollution.

• Determination of trends and variability in hydroxyl radical 
concentrations is critical to understanding whether the 'cleansing' 
properties of the atmosphere are changing. The variability in 
hydroxyl radical concentrations on annual to monthly timescales, 
however, is difficult to quantify. 
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OH time series from chemical data assimilation

The minimum in 1998 was also seen in the study by: Prinn, R. G.; Huang, J.; Weiss, R. F.; Cunnold, D. M.; Fraser, P. J.; Simmonds, P. G.; McCulloch, A.; 
Harth, C.; Reimann, S.; Salameh, P.; O'Doherty, S.; Wang, R. H. J.; Porter, L. W.; Miller, B. R.; Krummel, P. B., Evidence for variability of atmospheric hydroxyl 
radicals over the past quarter century, Geophys. Res. Lett., Vol. 32, No. 7, L07809, 10.1029/2004GL022228.
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Analysis Quality Measures

• Observation Increment, (O-F). This is 
typically the best measure of forecast skill.

• Analysis Increment, (A-F). This is a 
good measure of model bias.

• Analysis-Observations, (A-O). This is 
typically the best measure of the analysis 
bias.
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Later Themes

• Dealing with biases - machine learning

• Using assimilation to provide situational 
awareness and autonomy

• Optimum design of observing systems

47
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Backup Slides
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Ozone

49

Friday, August 6, 2010



Ozone
• Ozone (O3) is a triatomic molecule, consisting of 

three oxygen atoms. It is an allotrope of oxygen 
that is much less stable than O2.

Allotropes, the different physical 
forms in which an element can exist.
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Ozone
• Ozone (O3) is a triatomic molecule, consisting of 

three oxygen atoms. It is an allotrope of oxygen 
that is much less stable than O2.

• Ozone, was the first allotrope of a chemical 
element to be recognized by science. It was 
proposed as a distinct chemical compound by the 
German Swiss Chemist Christian Friedrich 
Schönbein in 1840, who named it after the Greek 
verb ozein (ὄζειν, “to smell”), from the peculiar 
odor in lightning storms.

Allotropes, the different physical 
forms in which an element can exist.
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Ozone
• Ozone (O3) is a triatomic molecule, consisting of 

three oxygen atoms. It is an allotrope of oxygen 
that is much less stable than O2.

• Ozone, was the first allotrope of a chemical 
element to be recognized by science. It was 
proposed as a distinct chemical compound by the 
German Swiss Chemist Christian Friedrich 
Schönbein in 1840, who named it after the Greek 
verb ozein (ὄζειν, “to smell”), from the peculiar 
odor in lightning storms.

• The formula for ozone, O3, was not determined 
until 1865 by the Swiss Chemist Jacques-Louis 
Soret and confirmed by Schönbein in 1867.

Allotropes, the different physical 
forms in which an element can exist.
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Christian Friedrich Schönbein

50

Friday, August 6, 2010



Christian Friedrich Schönbein

Although his wife had forbidden him to do so, 
Schönbein occasionally experimented at home in 
the kitchen. One day in 1845, when his wife was 
away, he spilled a mixture of nitric acid and sulfuric 
acid.  After using his wife's cotton apron to mop it 
up, he hung the apron over the stove to dry, only 
to find that the cloth spontaneously ignited and 
burned so quickly that it seemed to disappear. 
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Christian Friedrich Schönbein

Although his wife had forbidden him to do so, 
Schönbein occasionally experimented at home in 
the kitchen. One day in 1845, when his wife was 
away, he spilled a mixture of nitric acid and sulfuric 
acid.  After using his wife's cotton apron to mop it 
up, he hung the apron over the stove to dry, only 
to find that the cloth spontaneously ignited and 
burned so quickly that it seemed to disappear. 

Schönbein, in fact, had converted the cellulose of 
the apron into nitrocellulose; the nitro groups 
(added from the nitric acid) served as an internal 
source of oxygen, and when heated the cellulose 
was completely and suddenly oxidized.
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Christian Friedrich Schönbein
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Christian Friedrich Schönbein

Schönbein recognized the possibilities of the new compound. 
Ordinary black gunpowder, which had reigned supreme in the 
battlefield for the past 500 years, exploded into thick smoke, 
blackening the gunners, fouling the cannon and small arms, and 
obscuring the battlefield. Nitrocellulose was a possible 
“smokeless powder”, and from its potential as a propellant for 
artillery shells, it received the name guncotton.
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Christian Friedrich Schönbein

Schönbein recognized the possibilities of the new compound. 
Ordinary black gunpowder, which had reigned supreme in the 
battlefield for the past 500 years, exploded into thick smoke, 
blackening the gunners, fouling the cannon and small arms, and 
obscuring the battlefield. Nitrocellulose was a possible 
“smokeless powder”, and from its potential as a propellant for 
artillery shells, it received the name guncotton.

Jules Verne viewed the development of guncotton with 
optimism. He referred to the substance several times in his 
novels. His adventurers carried firearms employing this 
substance. The most noteworthy reference is in his From the 
Earth to the Moon, in which guncotton was used to launch a 
projectile into space.
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The word troposphere derives from the Greek “tropos” for “turning” or 
“mixing,” reflecting the fact that turbulent mixing plays an important role in 

the troposphere's structure and behavior. Most of the phenomena we 
associate with day-to-day weather occur in the troposphere.

On average the temperature decreases by 6.5K/km.

The word stratosphere derives from the Latin “stratus” meaning layer or 
blanket. The stratosphere is stably stratified with warm air laying over cold air.
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Ozone
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Ozone
• Ozone can be good or bad, depending on 

where it is found:
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Ozone
• Ozone can be good or bad, depending on 

where it is found:

• Good Ozone. Ozone occurs naturally in the 
stratosphere and shields us from the sun’s 
harmful ultraviolet rays.
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Ozone
• Ozone can be good or bad, depending on 

where it is found:

• Good Ozone. Ozone occurs naturally in the 
stratosphere and shields us from the sun’s 
harmful ultraviolet rays.

• Bad Ozone. In the lower atmosphere, near 
ground level, ozone is the main component 
of smog and is formed when pollutants react 
in the presence of sunlight. Ozone pollution 
is a particular concern during the summer 
months when there is the most sunlight and 
the warmest temperatures

53

Friday, August 6, 2010



Recipe for an Ozone Hole
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Recipe for an Ozone Hole

• The polar winter leads to the 
formation of the polar vortex 
which isolates the air within it. 
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Recipe for an Ozone Hole

• The polar winter leads to the 
formation of the polar vortex 
which isolates the air within it. 

• Cold temperatures form inside the 
vortex; cold enough for the 
formation of Polar Stratospheric 
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• No ozone loss occurs until sunlight 
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vortex and allows the production 
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currently covers a geographic 
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2006: The Largest Ozone Hole on Record

Gordon Dobson
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The need for a statistical approach

The Cressman method is not satisfactory in practice for the 
following reasons: 

• If we have a preliminary estimate of the analysis with a good 
quality, we do not want to replace it by values provided from poor 
quality observations. 

• When going away from an observation, it is not clear how to relax 
the analysis toward the arbitrary state, i.e. how to decide on the 
shape of the function w. 

• An analysis should respect some basic known properties of the 
true system, like smoothness of the fields, or relationship between 
the variables (e.g. hydrostatic balance, or saturation constraints). 
This is not guaranteed by the Cressman method: random 
observation errors could generate unphysical features in the 
analysis.
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Using PDFs
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Biases
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Clouds and Aerosols Earth’s water cycle

Atmospheric Chemistry
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Clouds and Aerosols Earth’s water cycle

Atmospheric Chemistry
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An Example: The 
Formation of the 

Ozone Hole
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Overview
• Remote Sensing has proved to be an 

invaluable tool for Atmospheric Chemistry

• Introduction to Atmospheric Chemistry

‣Why should we care?

• Introduction to Assimilation

• Key Observational Issues

• Examples and Applications

• Future Uses and Challenges
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