Lecture Two

Sighal Processing on a Sphere



Three Lectures:
One ESA explorer mission GOCE: earth gravity from space
Two  Signal processing on a sphere

Three Gravity and earth sciences



functions on a sphere

Signal processing of functions on a sphere:
* integration, differentiation...

* spectral analysis

« filtering

* least-squares adjustment

a matter of convenience:
- A Cartesian coordinate system in the earth's center
{z-axis towards north pole, x-axis in Greenwich meridian plane, right-handed}
- Spherical coordinates: co-latitude O (theta), (or latitude ¢) and longitude A (lambda)
- Radius of sphere = 1 (unit sphere) or R
X =singcos /
y =singsin [/
Z =C0sqg



example: GOCE analysis of contributions
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example: error variance-covariance propagation
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example:
potential,
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Introduction

Observations:

- surface spherical harmonic (=SH)-base functions are a complete set of "building blocks”
for the representation of functions on a sphere

- two coordinates and two indices (degree | and order m)

- (some) analogy the 2D-FT
therefore sometimes referred to as FOURIER analysis on a sphere

- for finite maximum degree L: (instead of infinity) still best possible approximation

- meridian lines converge towards the poles (sphere versus torus)

1=0 m=0
iC,¥_11%% - icosmli
1=y =—— flg, IR, (cosqg)i . ysingd Idqg
T Im')b/- 410 kqgo[eo ( ) ! ( )TSH']mlg



representation of functions on a sphere

As series of spherical harmonic (SH-) functions

surface spherical harmonic  functions

Yin (9. 1) = P, (cosg)e™

_ N, A 30 §

with : B, (cosq) = !' ” n(cosq) - m i)‘/}
(-1)" A _,, (cosg) m < O

and

The closed triplet: synthesis, orthogonality and analysis:

¥ +1
f(C], I):ké. é. Klmylm(q' I)

1=0 m=-1
1 ,0 2,0
0 0 % (@ 1)Yr (g, 1)singd 1dg = 0,0,
4quOIO
K, =~ 100 F(g.1)Y,, (g.1)ds
Im 4,0 k Im ’



representation of periodic functions in the plane

Example: 2D-FOURIER-series

+¥ ¥

f(x,y) = _é _éfk, exp(i(kx + ly))

1 o \

2p > O[exp(l(k k)x)]dx gexp (i(1-1')y)jdy = dg.d,,.
f, = 1 +‘p 1 +Opf(x y)exp(-i(kx + ly))dydx

2p 0 2P,



representation of functions on a sphere
Classical (non-complex) notation

1»(COS q) (C_‘.m cosml+S, sinml)

1=0 m=0
ic, § 1177 - icosm/li
i—"y=—— flg, IR, (cosqg)i . ysingd Id
%S,m' Ap kqQO,QO (9. 1) ( q)':‘smmlg S

Connection between classical and complex:

(1) (8, - 5, )IN2 m >0

1
Klm::!z Clm m:O )l/
’If (C_‘,m+/5_‘,m)/x/§ m<0 }'5
and
Kin =(-1)" K, _,



series representation of functions on a sphere

| Ses || Sse || Ssa || Se2 || Sei || Coo || Cor || Coo || Coa || Cus 655{

/

sectorial tesseral zonal tesseral sectorial

icosml
1.
Tsinm/

surface spherical harmonic functions: %, (4. 7) = A, (/)



Sekiorkll, i=m=5 Zoadl, a=1, m=0

1] o 1m 1M am ZH - >l 1] o 1m 1= am 2 1] E o]

Teszeral, =6 m=2 Tezzer3dl, v=7, m=6
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series representation of functions on a sphere

the higher the degree and order of the series, the more details
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series representation of functions on a sphere
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Why is it a triangle?

How many coefficients up to /=L"7

Base functions on a sphere: how do they look like?
Coefficients are weights of base functions

Why is it a double sum and not a double integral?



FOURIER representation

Given function is:

discrete discrete
periodic non-periodic
continuous continuous
periodic non-periodic

Fourier transformation is:
discrete FOURIER-series

periodic periodic
discrete continuous
non-periodic non-periodic
discrete continuous

classical FOURIER-series FOURIER-transform (FT)

(= Sinus-Cosinus-series)

topology of a sphere: twofold periodic




LEGENDRE polynomials

a short introduction:
from LEGENDRE-polynomials
to associated LEGENDRE functions

to spherical harmonic functions

functions f(t) between t= -1 and t=+1 can be expanded

iInto a (complete) LEGENDRE-series:

The closed triplet: synthesis, orthogonality and analysis:

¥
f(t)= arA@) synthesis
1=0
+1 2 .
) A (t)pl, (z‘)a’t = TR d,. orthogonality
t=-1
+1 2

0 F(2)R (2)at = analysis

t=-1

i
21 +1



LEGENDRE polynomials

| N /
\\/\\// /[\ \f) Ay ST
\7\\/\\/\ PC//\ \/A ?i;/\\//\v/\ C;\V ’\QA\

from: Janich,1990



LEGENDRE polynomials

Formula by Rodriguez:

1 d /.,
P,(t):zl—l!ﬁ(t -1)

Characteristic differential equation:
P@D=1
(L-t)PE(t) - 2tP (1) + I(1 + )P, (t) = 0

Orthogonality:

N _ 2
_Olpl (t)Pl(t)dt —_ md".

t=-

Recursive computation:
(I+ 1Py, (1) = (21 + Db, (1) - 1P, _;(1)

PH(1)(L-2) = 1(tP, (1) - P,_y(1))



LEGENDRE polynomials in theta

with t =cosq :
{t|-1£r£+1} O{g|0£ g £ p}
or {q| north pole £ g £ south pole}

And the closed triplet: synthesis, orthogonality and analysis turns into:

g=0

The ,nhorth pole* may be chosen anywhere on the sphere



LEGENDRE polynomials in theta

One very fundamental LEGENDRE-series: P
141 d
i:lgaﬂo P (COSC] )
dPQ R |=Ogrpél | " r
and
d,, = |R? +r,> - 2Rr cos
PQ \/ P qPQ o) R

(think of NEWTON's inverse squared distance law) O

Example: P at satellite, Q on the earth’s surface,
O the earth’s centre, R = earth radius



associated LEGENDRE-functions

- P (1) —id—l(t2 -1)
We had: = o

Formula by Rodriguez:

(£)=(1- tz)% A (£) = (1 - tz)g 1 g™ (£ _1)|

P | I+m
2' 1 dt

Im

where P\ js the m - th derivative

Characteristic differential equation:

m2

(1- )P, (1) - 2tP, (1) + gl(l t)-—0 3F’.m(t) =0
: 1-t

Some properties:
P, (1) =P, (1)
P.(t)=0 for m>1

m

P,(t) = (1— t2)E rconst.



associated LEGENDRE-functions

5

/]

Some properties:

for 1 -meven P P, even
for I -modd b P, odd

P, has I -m zerosin{t|-1<t < +t}
for m>0:P,_, =0att=-landt=+1

From: Janich, 1990



associated LEGENDRE-functions

Orthogonality:

* 2 (I+m)!
_OlPIm(t)Pl'm(t)dt Y +1(| _m)!du'

he 5\ . U
&0 (1—t ) P, (OP,..()dt=0 ifmIm'
€1 (

Recursion formulas:

P, (1) = (21 -1)V1-t*P,_,, (1)

P i-a(t) = (21 - DtP, —:Ll—l(t)

le(t)_Ln::- Il,m(t) I Tm- 1

also:

(1- )P, (1) = = 1tP,, (1) + (1 + M) P, . (1)

I -2,m (t)



assocliated LEGENDRE-functions




back to representation in surface spherical harmonics

Classical (non-complex) notation

¥ | . .
fig.N=kQ éF’,m(cosq)(C,m cosml+S, sinml)

1=0 m=0
ic, § 117 7% jcosmli .
Fome = = — \ (g, T 7 dld
(oot L1 0 R, ()Mt

Can be written as (almost) like a FOURIER-series:

f(q, 1) = kg(cm(q)cosml +S,,(g)sinml)

m=0

with C,(q) = & C,.P.m(@) and S, (@) = & S,.P.r. ()
I=m I=m

iC
stepl:j s=—qnf(a, D7 dI form210
TS (q)?; pO Tsmmlg

1Ym
PJC
step2: i 1C,, ¥ _ 171C, (@)U

5.4 als, @

P.(a)singdg

and

1.2 1. .
Coral@ = 54, f(aNdl and  Cy, =2 Cop(a)singdg



filtering in the time and spectral domain

Convolution with stationary filter functions:

f(t) - F(u)
‘ FOURIER

W(i_t ) Transformation Wéu)

o) ° G(1)

Convolution in the time domain corresponds
to multiplication in the spectral domain,
and vice versa



filtering on a sphere and in the SH-spectral domain

Convolution with an stationary and isotropic filter functions:

f(6,A) & Kim
* Spherical '

w(y) Harmonic W,
= Transformation =

g(6%A) S G

Convolution in the time domain corresponds
to multiplication in the spectral domain,
and vice versa



Isotropic filter functions

Pellinen Function: spherical equivalent of a box function

1 1 or as
T andy £Y ¥

B(y) = [2p(1 - cos Y) Legendre B (y) = 3223 1p P (cosy)
10 andy >Y  series n=0

Expansion into Legendre polynomials:

p Y
b,=2p § B(V)P,(cosy)sinydy = 1; ) A, (cosy)sinydy
cos Y

y=0 y=0
1 1
1 cosY 2n+1

§P,_ . (cosY)-P~

n+1

(cos Y )
Or approximately (Sjoberg L,B.G.,1980 ):

bn:2n L osy b, /7_2bn_2

n+1 n+1

with by =1 and b, =3 (1+cosY)



Pellinen function

const.

Isotropic filter functions

Fellinen function B()
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Isotropic filter functions

Jekeli Function: spherical equivalent of a Gauss function
(Jekeli C, OSU327, 1981):.

expe-bx(1-co 5
_ b BPE ( Sy)H where b = In2)
20 1-exp(-2b) (1-cos(s/R))

w(y)

(It is s= full width (arc length on earth sphere) of half value and R = earth radius
or Y=s/R)
p

Expansion of w(y) into W, = § w()P,(cosy)sinydy
Legendre polynomials: y=0

Recursion formulae:

+ 21 + - ]
Ww. =- 21 1Wn +W, ., where W, = 1 anda W, = 1 gl exp(=26) _ lg
20 2p g1 -exp(-2b) by

n+l




= o

n

Lad

Gauss function W('¥)
B

a

—

w

CIG

10

Gauss function W), o= 10°

W(¥)

20

Isotropic filter functions

Smooth factors of Gauss function (¥, = 10°)

=i

0.8

| ]
0.6
0.4}

0.2}

40 60
angle ¥ [7]

80 0 20 40 60 80 100 120 140 180
degree n

Jekeli-function

180



filtering in the time and spectral domain

filtered function:

1=0 m=0
icrg iwce,§_ 1177 _ jcosmli
o=t 2y =——10 § f(q. 1R, (cosq)i . ysingdldg
Tslmi!) TM/I ImI!) 4'10/(6720120 |S|nmlg



Gauss-filtering in the SH-spectral domain

Example:

Geostrophic velocities as derived from the MDT of figure 1and also for D/O=60, D/O=120 and D/O180
(from left to right). Also shown are the fronts derived from oceanographic in-situ data.
Units are meters per second. Source: Albetella, A, 2011



from the surface of a sphere to outer space

Connection from surface to outer/inner space possible,
iff function has certain properties.

The gravitational field V is harmonic outside the earth’s surface.
It fulfills LAPLACE equation.

LAPLACE equation in 3D-Cartesian coordinates:
2 2 2
v, PPV, 1PV _

> > 9z° 0

LAPLACE equation in 3D-spherical coordinates:

2 2 2
ﬂV+2rﬂv+ﬂV+cotqﬂv+ : ﬂV:O

2
rﬂrz U 99° Tq9 sin®q I°




from the surface of a sphere to outer space

Now signal analysis can be extended from surface to outer space
(and satellite observations can be connected with the surface function)

k deR6 @
Vg, 1,r)=2 8550 K, v, (g,1
(q ) Ragl’g m§| | | (q )
or
¥ LR
(g.0.7)=X&7° AR @@, cosmI+35, sinmi)
R|:ogl’g m=0

solid spherical harmonic  functions -
r (I+1))/ (q I) = f_(|+1)/5 (COSC]) /ml

Rn(cosqg) m30 §

" b y

th : P =
with : £, (€034) ' (cos q) m < O

I,
|
1(-
and N, = \/(ZI +1)



from the surface to outer space

Example: extension of 2D-FOURIER-series to outer space

f(xy.2)= a a f, exp(-mz)exp(i(kx +ly))

k=-¥1=-¥
with
m2 — k2 + |2



example: GOCE analysis of contributions
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example:
potential,
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example: error variance-covariance propagation
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conclusions

-global data analysis on a sphere using surface spherical harmonics

- complete and orthogonal set of spherical base functions

- some similarities with 2D-FOURIER-series

- spherical harmonics are composed of associated LEGENDRE-functions

together with trigonometric functions

- can be computed recursively very efficiently

- filtering with stationary and isotropic spherical functions

- spherical harmonics allow separation of PDE’s in spherical coordinates

- extension from earth surface to satellite altitude

- also: connection of function on sphere to time series along orbit

- some textbooks:
Kellogg OD: Foundations of Potential Theory, Dover, 1953
MacMillan WD: The Theory of the Potential, Dover, 1958
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series representation of functions on a sphere

| Ses || Sse || Ssa || Se2 || Sei || Coo || Cor || Coo || Coa || Cus 655{
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.
Tsinml/

surface spherical harmonic functions: Y, . 1) = #,,, ()



